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We consider the general form of the linear transformation for point rotation coordinate frames. The
frames have the rotation axis at every point. In the transformation the frequency of one frame
relative to another is not equivalent to the reverse frequency. Using symmetry of the direct and
reverse transformation as well as symmetry of the frame coordinates we show that two different type
of the transformation are possible. The first type is a generalization of the Lorentz transformation.
This case can not be checked in optical measurements. In contrast to that the second unusual type
allows us to observe consequences of the transformation in an optical experiment even though the
characteristic constant inherent in the transformation is less than “nuclear time” of the order of
10−23 sec. We describe the experiment.
PACS numbers: 42.50.Xa, 03.65.Ta, 06.20.Jr, 06.30.Gv
I. INTRODUCTION
The concept of a “point rotation frame” arises in crys-
tallooptics. Distinctive feature of the frame, in contrast
to Cartesian one, is existence of the rotation axis at every
point. In such a frame the axes are constructed on field
amplitudes and only the axis direction is essential. Simi-
lar (non-rotating) frames have been used in quantum field
theory for a long time. An example of the frame is the
rotating optical indicatrix (index ellipsoid). One more
difference in comparison with the Cartesian frame is the
absence of centrifugal forces in the point rotation frame.
The frame coordinates is an angle (phase) and time, the
frequency of rotation is a parameter. In electro-optical
crystals the rotation is stimulated by an applied rotat-
ing electric field. In crystals with the linear (Pockels)
effect the frequency equals half (and even quarter [1]) of
that of the electric field. In the Kerr crystals this fre-
quency is doubled [2, 3]. The sense of rotation of the
plane circularly polarized light wave moving through the
electro-optical crystal with rotating optical indicatrix is
reversed and the optical frequency is shifted if the am-
plitude of the applied electric field equals the half-wave
value. The device for the shift by means of electro-optical
crystals is the single-sideband modulator [4, 5, 6]. Note
that optically the rotating phase plate is equivalent to
the modulator but physically they are different as the
plate has only one axis of rotation.
It is convenient to use for the description of circularly
polarized plane light wave in the single-sideband modu-
lator the transition to a frame with the resting optical
indicatrix. Apparently, for the first time, convenience
of that had been described in initial works on single-
sideband modulation of light [4]. Such a transition results
in change of the optical frequency. The change equals the
frequency of the optical indicatrix. After the polariza-
tion reversal and returning back to the initial frame the
frequency deviation is doubled. Emphasize that in the
frame with the resting indicatrix the modulating electric
field is also at rest in spite the fact that both the indica-
trix and field rotate at different frequencies relative to the
initial frame?! This is one further unusual and strange
property of the point rotation frames.
The transition to the rotating frame always is con-
nected with the question what is the frequency superpo-
sition law, is it linear or not. The nonlinear law always
corresponds to an extra frequency shift. Emphasize that
the consideration in the framework of the Maxwell equa-
tion can not give such an extra shift. The situation is
analogous to a comparison between results obtained for
rectilinear move with help of the Lorentz transformation
and the Newton mechanics.
In Ref. [7] the question was considered in assumption
that the combined frequency may be presented in terms
of power series of two other frequencies. It was also as-
sumed that the frequency of one frame relative to another
equals to the reverse frequency. The only difference is the
sign. The negative sign corresponds to the rotation in op-
posite direction. In this condition the extra shift in the
first approximation is proportional to the product of the
optical frequency squared and the modulation frequency.
The characteristic constant in the extra shift has dimen-
sion of time. In Ref. [7] a optical experiment was also
proposed for measurement of the term and it was shown
that a lower limit for measurements of the characteristic
constant with such a form of the shift is about 10−17sec.
Shortly after it was shown that an analogy exists be-
tween the light propagation in medium with the rotating
optical indicatrix and the motion particle in the rotating
magnetic field and both the phenomena can be described
in the framework of the Pauli equation [8]. In other words
a plane circularly polarized light wave propagating along
the optical axis of 3-fold electro-optical crystal under the
action of an applied electric field possesses properties of
two-component spinor. It means that measurements of
the optical frequency shift in the single-sideband mod-
ulator is similar to measurements of the magnetic mo-
ment in the magnetic resonance and anomalous magnetic
moment may be associated with the nonlinear frequency
2shift. It was understood that the probable value of the
characteristic constant is, as maximum, of the order of
“nuclear time” ∼ 10−23 sec. [8, 9]. Such a small value
excludes possibility to observe in optical experiments the
term calculated in Ref. [7]
Meanwhile the immediate way to determine the fre-
quency superposition law is the transformation for the
point rotation frames. Emphasize that the Maxwell equa-
tion do not contain any information about the transfor-
mation. The transformation must be postulated.
In the given paper we consider general linear trans-
formation for the point rotation frames. We use sym-
metry of frame coordinates and assume that the reverse
frequency is a function of the direct frequency with the
same function in vice versa. We show that two differ-
ent types of the transformation exist. The first type is a
generalization of the Lorentz transformation. The type
in an experimental sense corresponds to the case of Ref.
[7]. The second type is principally different. The type
give us a chance to measure the extra term. We describe
an optical experiment for the measurement of the term.
The experiment keeps the main features of that in Ref.
[7].
II. GENERAL LINEAR TRANSFORMATION
The general form of the linear transformation for the
transition from one frame to another can be written as
follows
ϕ˜ = q(ϕ− νt), t˜ = q˜q − 1
q˜ν˜
ϕ− q ν
ν˜
t, (1)
where ϕ and t is an angle (phase) and time, tilde corre-
sponds to the reverse transformation
ϕ = q˜(ϕ˜− ν˜t˜), t = q˜q − 1
qν
ϕ˜− q˜ ν˜
ν
t˜, (2)
ν is the frequency of second frame relative to first one.
It is obvious that Eq. (1) turns out into Eq. (2) if vari-
ables with tilde change to variables without tilde and vice
versa.
First of all we exclude from the consideration the
Galilean transformation, i.e., the case q ≡ 1. This case
with its infinite frequencies seems unbelievable from the
viewpoint of contemporary physics.
Making normalization
ϕ → ϕ
√
|ν˜/ν|, t→ t, q → q|ν/ν˜|, ν →
√
|ν˜ν| or
ϕ → ϕ
√
|ν˜|, t→ t
√
|ν|, q → q
√
|ν/ν˜|, ν →
√
|ν˜ν|,
etc., we would arrive to the case ν = −ν˜. However we
can not carry out arbitrary normalization since usually
t and ϕ already determined and connected with the
space Cartesian coordinates. Generally the point rota-
tion frames is not compatible with the Cartesian frame
except when the frames are at rest. In this case if the
rotation axis coincides with some Cartesian axis we may
associate ϕ and t with the Cartesian cylindric angle and
time. The above normalization would result, in partic-
ular, in the change of the speed of light. Therefore we
must consider here the general case assuming that ν˜ is a
function of ν. It means that rotations to the right and
left are not equivalent in the approach.
For the point rotation frame we have not a general
principle like the relativity principle for the Cartesian
frames, however we use principle of symmetry instead.
It means, in particular, that if ν˜(ν) = f(ν) then ν(ν˜) =
f(ν˜).
The function ν˜(ν) and q(ν) remain indeterminate ex-
cept the condition at small ν, namely, ν˜ → −ν, q → 1
if ν → 0. If the characteristic constant τ is of the order
∼ 10−23 sec. then the normalized frequency τν even in
microwave range is about 10−12. Therefore we assume
that the function ν˜(ν) may be expanded in the powers
series in ν
ν˜(ν) = −ν + a2ν2 + a3ν3 + a4ν4 + ..., (3)
This expansion is compatible with the reverse expansion
at certain conditions for the coefficients an, namely, the
expansion can not contain only odd powers of ν and up
to term ν2n has only n independent coefficients an. Ob-
viously that any expansion (3) together with the reverse
expansion can be written in the symmetric form with
help of finite or infinite series
ν˜ + ν =
∑
n=1
bn(ν˜ν)
n ≡ F (ν˜ν), (4)
where F is a function. Results below will be also valid
for arbitrary F (ν˜ν) with the only condition F (0) = 0.
The main problem in the given approach is the non-
linear frequency shift. However since it is defined by
product q˜q we do not need to know the explicit form of
function q(ν). For finding the form of q˜q we use symme-
try between ϕ and t. Transformation (1) can be written
as
t˜ = Q(t− Λϕ), ϕ˜ = Q˜Q− 1
Q˜Λ˜
t−QΛ
Λ˜
ϕ, (5)
where role of (ϕ, t, q, ν) is played by (t, ϕ,Q,Λ) respec-
tively and
Q = −q ν
ν˜
, Λ = (1− 1
qq˜
)
1
ν
. (6)
It is naturally to assume that the equality in Eq. (4)
would keep if Λ/σ, Λ˜/σ is substituted for ν, ν˜. Here σ is
a dimensional constant. Making use of the substitution
and excluding (ν˜ + ν) we obtain the equation for q˜q
F
(
Θ2
ν˜ν
)
− Θ
ν˜ν
F (ν˜ν) = 0, (7)
3where Θ = (1 − 1/qq˜)/σ. In the given case σ = ±τ2.
Two type solutions of Eq. (7) exist. First type is exact
solution Θ = ν˜ν or
1− 1
qq˜
= σν˜ν. (8)
Transformation (1) for this case is a generalization of
the Lorentz transformation. Without loss generality we
use here the term the Lorentz transformation in spate
the fact that σ may be as positive as negative. From
the viewpoint of the experimental checking this case is
equivalent to results of Ref. [7].
The second type of solutions may be presented as series
1− 1
q˜q
= σ(rν˜ν)
1
2 + σ
∑
n=2
(rnν˜ν)
1
2
n, (9)
where r is a negative root of equation F (r) = 0. The
number of such solutions equals the number of zeros of
F (r). A necessary condition for existence of the solutions
is n ≥ 2 in expansion (4). First term in the right part
of Eq. (9) determines the frequency superposition law in
the first approximation. The characteristic constant in
the given case is
τ = σ
√−r. (10)
For simplicity we use the same letter for the characteristic
constant in both the types of solutions. Note that expan-
sion (9) is valid for small ν. However at zeros of F (ν˜ν)
exact equality ν˜ = −ν holds, i.e., values ν = ±
√
|r| are
some distinctive points.
The second type of solutions adds to the list one further
strange property of the point rotation frames. Normal-
ization
ν∗ =
√−ν˜ν, ϕ∗ = ϕν
∗
ν
, t∗ = t, q∗ = q
ν
ν˜
(11)
imparts the Lorentz shape to Eq. (1)
ϕ˜∗ = q∗(ϕ∗ − ν∗t), t˜∗ = q∗(−τν∗ϕ∗ + t). (12)
If ν∗ → 0 then ϕ∗ → ∞. On the other hand the non-
normalized transformation at ν → 0 tends to the Galilean
form
ϕ˜ = ϕ, t˜ = τϕ+ t, (13)
where ϕ and t switch places. Term τϕ is very small
because of the small value of τ .
In accordance with Eq. (13) consider the time ∆t˜ =
τ∆ϕ + ∆t and angle ∆ϕ˜ = ∆ϕ intervals. The time in-
terval measured at the same value of angle (∆ϕ = 0)
is quite determined ∆t˜ = ∆t whereas at the same time
(∆t = 0) a time leap ∆t˜ = τ∆ϕ exists. The leap is the
time of the rotation through angle ϕ at frequency 1/τ.
Since Eq. (13) is the frame transformation into itself the
result may be interpreted as an uncertainty of the time
determination. The maximal value of the leap is 2piτ as
at ϕ = 2pi the frame also coincides with itself.
If the second type truly corresponds to physical reality
then a lower limit for measurements of the characteristic
constant may be drastically decreased.
III. FREQUENCY SUPERPOSITION
Consider a plane circularly polarized light wave mov-
ing through an electro-optical crystal with the rotating
optical indicatrix. The light and the indicatrix, for defi-
niteness, are assumed to rotate in the same direction with
frequencies ω and ν. In correspondence with Eq. (1) the
optical frequency in the frame with the resting optical
indicatrix is
ω′ =
ω − ν
σΘω/ν˜ − ν/ν˜ . (14)
It is obvious that the reverse transition result to exact
equality
ω′ − ν˜
σΘω′/ν − ν˜/ν ≡ ω. (15)
However if the reversal rotation occurs then instead of ω′
we must substitute −ω′ in Eq. (15). After simplification
we obtain for the output frequency
ωout =
−ω + 2ν − σΘω
−2σΘω/ν + σΘ+ 1 . (16)
For the solution of the first type 1− 1/q˜q = σν˜ν. Taking
into account that ν ≪ ω and ν˜ ≈ −ν for small ν we
obtain from Eq. (16) in the first approximation
ωout ≈ −ω + 2ν ∓ 2τ2νω2. (17)
The extra frequency shift 2τ2νω2 is an equivalent of that
in Ref. [7]. The shift can not be measured optically
because the very small characteristic constant τ . Even
if the modulating frequency is a powerful optical wave
ν ∼ 1014 Hz then at τ ∼ 10−23 sec. the extra shift
|2σνω2| ∼ 10−2 Hz can not be picked out in laser or
photodetector noises.
Consider the second type of solutions with 1− 1/q˜q ≈
τ
√−ν˜ν. In the first approximation
ωout ≈ −ω + 2ν − 2τω2. (18)
The extra shift 2τω2 do not depend on ν, i.e., such a shift
must be produced by the usual half wave plate! Em-
phasize that from the viewpoint the Maxwell equation
the frequency shift in the single-sideband modulator is a
consequence of the phase difference between two compo-
nent of the electric field of light wave whereas from the
viewpoint of photons it is something different.
The extra shift may be interpreted as an energy of the
polarization reversal. The sign difference of the energy
corresponds to the assumption on inequivalence of the
right and left rotation. The shift of the second type may
far exceed the shift of the first type. The relative value
of the extra shift for τ ∼ 10−23 sec. is 2τω ∼ 10−8 in
visible range.
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FIG. 1: Schematic of experiment. P is the polarizer
IV. MEASUREMENT OF THE EXTRA SHIFT
Schematic of the experiment for measuring the extra
shift of the second type is shown in Fig.1. Linearly polar-
ized light from laser passes through the single-sideband
modulator (for example Lithium Niobate modulator [5]).
A electric field rotating at frequency Ω = 2ν is applied
to the modulator. Evolution of the laser spectrum un-
der change of the amplitude and frequency of the electric
field may be observed by means of the scanning inter-
ferometer. The linearly polarized light is a sum of two
circularly polarized waves of frequencies ω and −ω. The
modulator changes the frequencies to ω +Ω− 2τω2 and
−ω +Ω− 2τω2 respectively. After the paralyzer light is
modulated in intensity at frequency 2Ω−4τω2. The extra
shift 4τω2 could be extracted by heterodyning as it is in
Ref. [7]. However in the given case the schematic is sim-
plified (heterodyne and doubler are crossed out in Fig.
1) since resonance Ω = 2τω2 can be used with match-
ing the sign of τ by the reversal of the applied electric
field. The shift can be measured with confidence if the
characteristic constant is about 10−23 sec. Note that if
the extra shift really exists then similar schematic may
be effectively used for precision measurements in spec-
troscopy.
V. CONCLUSION
The idea of inequivalence of the direct and reverse fre-
quencies and the principle symmetry leads to two types
of the transformation for the point rotation frames. The
first type is a generalization of the Lorentz transforma-
tion. The type seems more applicable to the Cartesian
frames. Measurements of the extra frequency shift in this
case lies beyond possibilities of optics. The second type
is applicable only to the point rotation frames. An un-
usual and strange property of this type is uncertainty of
the time determination. The extra shift in this case may
be verified in optical measurements if the characteristic
constant in the transformation is about (and even less)
10−23 sec.
Another question arises in the above construction: is
parity violation connected with the inequivalence of the
direct and reverse frequency?
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